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Abstract
We classify the semi-Riemannian submersions from a pseudo-hyperbolic space onto a Riemannian manifold
under the assumption that the fibres are connected and totally geodesic. Also we obtain the classification of the
semi-Riemannian submersions from a complex pseudo-hyperbolic space onto a Riemannian manifold under the
assumption that the fibres are complex, connected and totally geodesic submanifolds.  2002 Published by Elsevier
Science B.V.
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Introduction
The theory of Riemannian submersions was initiated by O’Neill [13] and Gray [8]. Presently, there
is an extensive literature on the Riemannian submersions with different conditions imposed on the total
space and on the fibres. A systematic exposition could be found in Besse’s book [2]. Semi-Riemannian
submersions were introduced by O’Neill in his book [14].
The class of harmonic Riemannian submersions, and in particular of those with totally geodesic
fibres, is contained in the class of horizontally homothetic harmonic morphisms. For important
results concerning the geometry of harmonic morphisms we refer to [1]. Wood constructs examples
of harmonic morphisms from Riemannian submersions with totally geodesic fibres by horizontally
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conformal deformation of the metric. Recently, Fuglede studied harmonic morphisms between semi-
Riemannian manifolds (see [7]). In this paper we solve the classification problem of the semi-Riemannian
submersions with totally geodesic fibres from real and complex pseudo-hyperbolic spaces.
Escobales [5,6] and Ranjan [15] classified Riemannian submersions with totally geodesic fibres from
a sphere Sn and from a complex projective space CPn. Magid [12] classified the semi-Riemannian
submersions with totally geodesic fibres from an anti-de Sitter space onto a Riemannian manifold. In
Section 2 we classify the semi-Riemannian submersions with totally geodesic fibres from a pseudo-
hyperbolic space onto a Riemannian manifold. Also we obtain the classification of the semi-Riemannian
submersions with connected, complex, totally geodesic fibres from a complex pseudo-hyperbolic space
onto a Riemannian manifold.
1. Preliminaries and examples
Definition 1. Let (M,g) be an m-dimensional connected semi-Riemannian manifold of index s (0 s 
m), let (B,g′) be an n-dimensional connected semi-Riemannian manifold of index s′  s (0  s′  n).
A semi-Riemannian submersion (see [14]) is a smooth map π :M → B which is onto and satisfies the
following three axioms:
(a) π∗|p is onto for all p ∈M ;
(b) the fibres π−1(b), b ∈ B are semi-Riemannian submanifolds of M ;
(c) π∗ preserves scalar products of vectors normal to fibres.
We shall always assume that the dimension of the fibres dimM − dimB is positive and the fibres are
connected.
The tangent vectors to fibres are called vertical and those normal to fibres are called horizontal. We
denote by V the vertical distribution and by H the horizontal distribution.
O’Neill [13] has characterized the geometry of a Riemannian submersion in terms of the tensor fields
T ,A defined by
AEF = h∇hEvF + v∇hEhF , TEF = h∇vEvF + v∇vEhF ,
for every E, F tangent vector fields to M . Here ∇ is the Levi-Civita connection of g, the symbols v
and h are the orthogonal projections on V and H, respectively. The letters U , V will always denote
vertical vector fields, X, Y , Z horizontal vector fields. Notice that TUV is the second fundamental form
of each fibre and AXY is a natural obstruction to integrability of horizontal distribution H. The tensor A
is called O’Neill’s integrability tensor. For basic properties of Riemannian submersions and examples see
[2,8,13]. A vector field X on M is said to be basic if X is horizontal and π -related to a vector field X′
on B . Notice that every vector field X′ on B has a unique horizontal lifting X to M and X is basic. The
following lemma is well known (see [13]).
Lemma 1.1. We suppose X and Y are basic vector fields on M which are π -related to X′ and Y ′. Then
(a) h[X,Y ] is basic and π -related to [X′, Y ′];
(b) h∇XY is basic and π -related to ∇′X′Y ′ , where ∇′ is the Levi-Civita connection on B;
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The O’Neill’s integrability tensor A has the following properties (see [13] or [2]).
Lemma 1.2. Let X, Y be horizontal vector fields and E, F be vector fields on M . Then each of the
following holds:
(a) AXY =−AYX;
(b) AhEF =AEF ;
(c) AE maps the horizontal subspace into the vertical one and the vertical subspace into the horizontal
one;
(d) g(AXE,F)=−g(E,AXF);
(e) If moreover X is basic then AXV = h∇VX for every vertical vector field V ;
(f) g((∇YA)XE,F)= g(E, (∇YA)XF).
Let gˆ be the induced metric on fibre π−1(π(p)), p ∈M . We denote by R, R′, R̂ the Riemann tensors
of the metrics g, g′, gˆ respectively.
The following equations, usually called O’Neill’s equations, characterize the geometry of a semi-
Riemannian submersion (see [2,8,13]).
Proposition 1.3. For every vertical vector fields U,V,W,W ′ and for every horizontal vector fields
X,Y,Z,Z′, we have the following formulae:
(i) R(U,V,W,W ′)= R̂(U,V,W,W ′)− g(TUW,TVW ′)+ g(TVW,TUW ′),
(ii) R(U,V,W,X)= g((∇V T )UW,X)− g((∇UT )VW,X),
(iii) R(X,U,Y,V )= g((∇XT )UV,Y )− g(TUX,TV Y )+ g((∇UA)XY,V )+ g(AXU,AYV ),
(iv) R(U,V,X,Y )= g((∇UA)XY,V )− g((∇VA)XY,U)+ g(AXU,AYV )− g(AXV,AYU)
−g(TUX,TV Y )+ g(TVX,TUY ),
(v) R(X,Y,Z,U)= g((∇ZA)XY,U)+ g(AXY,TUZ)− g(AYZ,TUX)− g(AZX,TUY ),
(vi) R(X,Y,Z,Z′)=R′(π∗X,π∗Y,π∗Z,π∗Z′)− 2g(AXY,AZZ′)+ g(AYZ,AXZ′)− g(AXZ,AYZ′).
Using O’Neill’s equations, we get the following lemma.
Lemma 1.4. If π : (M,g)→ (B,g′) is a semi-Riemannian submersion with totally geodesic fibres then:
(a) R(U,V,U,V )= R̂(U,V,U,V );
(b) R(X,U,X,U)= g(AXU,AXU);
(c) R(X,Y,X,Y )=R′(π∗X,π∗Y,π∗X,π∗Y )− 3g(AXY,AXY ).
We recall the definitions of real and complex pseudo-hyperbolic spaces (see [14] and [3]).
Definition 2. Let 〈·, ·〉 be the symmetric bilinear form on Rm+1 given by
〈x, y〉 = −
s∑
i=0
xiyi +
m∑
i=s+1
xiyi
for x = (x0, . . . , xm), y = (y0, . . . , ym) ∈ Rm+1. For s > 0 let Hms = {x ∈ Rm+1 | 〈x, x〉 = −1} be the
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semi-Riemannian submanifold of
R
m+1
s+1 =
(
R
m+1, ds2 =−dx0 ⊗ dx0 − · · · − dxs ⊗ dxs + dxs+1 ⊗ dxs+1 + · · · + dxm ⊗ dxm).
Hms is called the m-dimensional (real) pseudo-hyperbolic space of index s. We notice that Hms has
constant sectional curvature −1 and the curvature tensor is given by
R(X,Y,X,Y )=−g(X,X)g(Y,Y )+ g(X,Y )2.
Hms can be written as homogeneous space, namely we have
Hms = SO(s + 1,m− s)/SO(s,m− s),
H 2m+12s+1 = SU(s + 1,m− s)/SU(s,m− s),
H 4m+34s+3 = Sp(s + 1,m− s)/Sp(s,m− s)
(see [16]).
Definition 3. Let (·, ·) be the hermitian scalar product on Cm+1 given by
(z,w)=−
s∑
i=0
ziw¯i +
m∑
i=s+1
ziw¯i
for z = (z0, . . . , zm),w = (w0, . . . ,wm) ∈ Cm+1. Let M be the real hypersurface of Cm+1 given by
M = {z ∈Cm+1 | (z, z)=−1} and endowed with the induced metric of(
C
m+1, ds2 =−dz0 ⊗ dz¯0 − · · · − dzs ⊗ dz¯s + dzs+1 ⊗ dz¯s+1 + · · · + dzm⊗ dz¯m).
The natural action of S1 = {eiθ | θ ∈ R} on Cm+1 induces an action on M . Let CHms =M/S1 endowed
with the unique indefinite Kähler metric of index 2s such that the projection M →M/S1 becomes a
semi-Riemannian submersion (see [3]). CHms is called the complex pseudo-hyperbolic space. Notice that
CHms has constant holomorphic sectional curvature −4 and the curvature tensor is given by
R(X,Y,X,Y )=−g(X,X)g(Y,Y )+ g(X,Y )2 − 3g(I0X,Y )2,
where I0 is the natural complex structure on CHms . CHms is a homogeneous space, namely we have
(see [16]) CHms = SU(s + 1,m− s)/S(U(1)U(s,m− s)) and
CH 2m+12s+1 = Sp(s + 1,m− s)/U(1)Sp(s,m− s).
We denote by Hn(−4) the hyperbolic space with sectional curvature −4, by HHn the quaternionic
hyperbolic space of real dimension 4n with quaternionic sectional curvature −4.
Many explicit examples of semi-Riemannian submersions with totally geodesic fibres can be given
following a standard construction (see [2] for Riemannian case). Let G be a Lie group and K,H two
compact Lie subgroups of GwithK ⊂H . Let π :G/K→G/H be the associated bundle with fibreH/K
to the H -principal bundle p :G→ G/H . Let g be the Lie algebra of G and k ⊂ h the corresponding
Lie subalgebras of K and H . We choose an Ad(H)-invariant complement m to h in g, and an Ad(K)-
invariant complement p to k in h. An ad(H)-invariant nondegenerate bilinear symmetric form on m
defines aG-invariant semi-Riemannian metric g′ on G/H and an ad(K)-invariant nondegenerate bilinear
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symmetric form on p defines a H -invariant semi-Riemannian metric gˆ on H/K . The orthogonal direct
sum for these nondegenerate bilinear symmetric forms on p⊕m defines a G-invariant semi-Riemannian
metric g on G/K . The following theorem is proved in [2].
Theorem 1.5. The map π : (G/K,g) → (G/H,g′) is a semi-Riemannian submersion with totally
geodesic fibres.
Using this theorem we get the following examples.
Example 1. Let G = SU(1, n), H = S(U(1)U(n)), K = SU(n). We have the semi-Riemannian
submersion
H 2n+11 = SU(1, n)/SU(n)→CHn = SU(1, n)/S
(
U(1)U(n)
)
.
Example 2. Let G= Sp(1, n), H = Sp(1)Sp(n), K = Sp(n). We get the semi-Riemannian submersion
H 4n+33 = Sp(1, n)/Sp(n)→HHn = Sp(1, n)/Sp(1)Sp(n).
Example 3. Let G= Spin(1,8), H = Spin(8), K = Spin(7). We have the semi-Riemannian submersion
H 157 = Spin(1,8)/Spin(7)→H 8(−4)= Spin(1,8)/Spin(8).
Example 4. Let G = Sp(1, n), H = Sp(1)Sp(n), K = U(1)Sp(n). We obtain the semi-Riemannian
submersion
CH 2n+11 = Sp(1, n)/U(1)Sp(n)→HHn = Sp(1, n)/Sp(1)Sp(n).
Definition 4. Two semi-Riemannian submersions π,π ′ : (M,g)→ (B,g′) are called equivalent if there
is an isometry f of M which induces an isometry f˜ of B so that π ′ ◦ f = f˜ ◦ π . In this case the pair
(f, f˜ ) is called a bundle isometry.
We shall need the following theorem, which is the semi-Riemannian version of Theorem 2.2 in [5].
Theorem 1.6. Let π1, π2 :M → B be semi-Riemannian submersions from a connected complete semi-
Riemannian manifold onto a semi-Riemannian manifold. Assume the fibres of these submersions are
connected and totally geodesic. Suppose f is an isometry of M which satisfies the following two
properties at a given point p ∈M :
(1) f∗p :TpM → Tf (p)M maps H1p onto H2f (p), where Hi denotes the horizontal distribution of πi ,
i ∈ {1,2};
(2) for every E, F ∈ TpM , f∗A1EF = A2f∗Ef∗F , where Ai are the integrability tensors associated
with πi .
Then f induces an isometry f˜ of B so that the pair (f, f˜ ) is a bundle isometry between π1 and π2. In
particular, π1 and π2 are equivalent.
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2. Semi-Riemannian submersions with totally geodesic fibres
Proposition 2.1. If π :Hms → Bn is a semi-Riemannian submersion with totally geodesic fibres from an
m-dimensional pseudo-hyperbolic space of index s onto an n-dimensional Riemannian manifold then
m= n+ s, the induced metrics on fibres are negative definite and B has negative sectional curvature.
Proof. By Lemma 1.4(b), we get g(AXV,AXV )=−g(X,X)g(V,V ) 0 for every horizontal vector X
and for every vertical vector V . Therefore g(V,V )  0 for every vertical vector V . By Lemma 1.4(c),
we have
R′(π∗X,π∗Y,π∗X,π∗Y )=−g′(π∗X,π∗X)g′(π∗Y,π∗Y )+ g′(π∗X,π∗Y )2 + 3g(AXY,AXY ) < 0
for every linearly independent horizontal vectors X and Y . ✷
Proposition 2.2. Let π : (Mn+ss , g) → (Bn, g′) be a semi-Riemannian submersion from an (n + s)-
dimensional semi-Riemannian manifold of index s  1 onto an n-dimensional Riemannian manifold. We
suppose M is geodesically complete and simply connected. Then B is complete and simply connected. If
moreover B has nonpositive curvature then the fibres are simply connected.
Proof. Since M is geodesically complete, the base space B is complete.
Let g˜ be the Riemannian metric on M defined by
g˜(E,F )= g(hE,hF)− g(vE,vF)
for every E,F vector fields on M . Since g˜ is a horizontally complete Riemannian metric (this means
that any maximal horizontal geodesic is defined on the entire real line) and B is a complete Riemannian
manifold then H is an Ehresmann connection for π (see Theorem 1 in [17]). By Theorem 9.40 in [2], it
follows π :M→ B is a locally trivial fibration and we have an exact homotopy sequence
· · ·→ π2(B)→ π1(fibre)→ π1(M)→ π1(B)→ 0.
Since M is simply connected, we have π1(B)= 0.
If B has nonpositive curvature, then π2(B)= 0 by theorem of Hadamard. It follows π1(fibre)= 0. ✷
Theorem 2.3. If π :Hms → Bn is a semi-Riemannian submersion with totally geodesic fibres from a
pseudo-hyperbolic space of index s > 1 onto a Riemannian manifold then B is a Riemannian symmetric
space of rank one, noncompact and simply connected, any fibre is diffeomorphic to Ss and s ∈ {3,7}.
Proof. In order to prove that B is a locally symmetric space we need to check that ∇′R′ ≡ 0.
Let X′0,X′, Y ′,Z′ be vector fields on B and let X0,X,Y,Z be the horizontal liftings of X′0,X′, Y ′,Z′
respectively. By definition of the covariant derivative we have
(∇′
X′0
R′)(X′, Y ′,Z′)
(2.1)=∇′
X′0
R′(X′, Y ′)Z′ −R′(∇′
X′0
X′, Y ′)Z′ −R′(X′,∇′
X′0
Y ′)Z′ −R′(X′, Y ′)∇′
X′0
Z′.
In order to prove that the curvature tensor R′ of the base space is parallel, we have to lift all vector fields
in relation (2.1). By Lemma 1.1, the horizontal liftings of ∇′
X′0
X′,∇′
X′0
Y ′ and ∇′
X′0
Z′ are h∇X0X,h∇X0Y
and h∇X0Z, respectively.
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We denote by Rh(X,Y )Z the horizontal lifting of R′(X′, Y ′)Z′. The convention for Riemann tensor
used here is R(X,Y )=∇X∇Y −∇Y∇X −∇[X,Y ]. O’Neill’s equation (vi) gives us the following relation
Rh(X,Y )Z = h(R(X,Y )Z)+ 2AZAXY −AXAYZ −AYAZX.
Using this relation we compute
(∇′X0R′)(X′, Y ′,Z′)
= π∗
[
h∇X0
(
Rh(X,Y )Z
)−Rh(h∇X0X,Y )Z−Rh(X,h∇X0Y )Z−Rh(X,Y )h∇X0Z]
= π∗
[
h∇X0h
(
R(X,Y )Z
)− hR(h∇X0X,Y )Z− hR(X,h∇X0Y )Z− hR(X,Y )h∇X0Z
+ 2(h∇X0AZAXY −Ah∇X0ZAXY −AZAh∇X0XY −AZAXh∇X0Y )
− (h∇X0AXAYZ−Ah∇X0XAYZ −AXAh∇X0YZ−AXAYh∇X0Z)
(2.2)− (h∇X0AYAZX−Ah∇X0YAZX−AYAh∇X0ZX−AYAZh∇X0X)
]
.
Since Hms has constant curvature, we have R(X,Y,Z,U) = 0 for every vertical vector U and for
every horizontal vector fields X,Y,Z. This implies R(X,Y )Z is horizontal and R(X,U)Y,R(U,X)Y,
R(X,Y )U are vertical. Hence
π∗
(∇X0h(R(X,Y )Z)− hR(h∇X0X,Y )Z− hR(X,h∇X0Y )Z− hR(X,Y )h∇X0Z)
= π∗
(∇X0R(X,Y )Z)− π∗(R(∇X0X,Y )Z−R(v∇X0X,Y )Z)
− π∗
(
R(X,Y )∇X0Z−R(X,Y )v∇X0Z
)
= π∗
[
(∇X0R)(X,Y,Z)
]
.
Since Hms has constant curvature, we get (∇X0R)(X,Y,Z)= 0. So the sum of the first four terms in
relation (2.2) is zero.
We have
h∇X0AZAXY −Ah∇X0ZAXY −AZAh∇X0XY −AZAXh∇X0Y
= h((∇X0A)Z(AXY ))−AZ(v(∇X0A)XY ).
For the case of totally geodesic fibres, O’Neill’s equation (v) becomes
R(X,Y,Z,U)= g((∇ZA)XY,U).
By Lemma 1.2(f) and by the hypothesis of constant curvature total space we get
g
(
(∇ZA)XU,Y
)= g((∇ZA)XY,U)= 0
for every horizontal vector fields X,Y,Z and for every vertical vector field U . It follows h(∇ZA)XU = 0
and v(∇ZA)XY = 0 for every horizontal vector fields X,Y,Z and for every vertical vector field U .
Therefore h((∇X0A)Z(AXY ))= 0 and v((∇X0A)XY )= 0. This implies
h∇X0AZAXY −Ah∇X0ZAXY −AZAh∇X0XY −AZAXh∇X0Y = 0.
By circular permutations of (X,Y,Z) in the last relation we get
h∇X0AXAYZ−Ah∇X0XAYZ −AXAh∇X0YZ−AXAYh∇X0Z = 0,
h∇X0AYAZX−Ah∇X0YAZX−AYAh∇X0ZX−AYAZh∇X0X = 0.
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So the sum of all terms in relation (2.2) is zero.
We proved that (∇′
X′0
R′)(X′, Y ′,Z′) = 0 for every vector fields X′0,X′, Y ′,Z′, so B is a locally
symmetric space. By Proposition 2.2, B is simply connected and complete. Therefore B is a Riemannian
symmetric space. By Proposition 2.1, B has negative sectional curvature. Hence B is a noncompact
Riemannian symmetric space of rank one.
Let b ∈ B . Since π−1(b) is a totally geodesic submanifold of a geodesically complete manifold,
π−1(b) is itself geodesically complete. Since R′(X′, Y ′,X′, Y ′)  0 for every X′, Y ′ tangent vectors
to B , we have π1(fibre) = 0, by Proposition 2.2. Since (π−1(b), gˆ) is a complete, simply connected
semi-Riemannian manifold of dimension r and of index r and with constant sectional curvature −1,
it follows (π−1(b), gˆ) is isometric to Hss (see Proposition 23 from p. 227 in [14]). Hence any fibre is
diffeomorphic to Ss .
We shall prove below that the tangent bundle of any fibre is trivial. From a well known result of Adams
it follows that s ∈ {1,3,7}.
Lemma 2.4. The tangent bundle of any fibre is trivial.
Proof. Since g(AXV,AXV )=−g(X,X)g(V,V ), we have that AX :V→H, V →AXV is an injective
map and dimV  dimH, if g(X,X) = 0.
For any horizontal vector field X, we denote by A∗X :H→ V the map given by A∗X(Y ) = AXY . By
O’Neill’s equation (iv), we have g(AXV,AXW)=−g(X,X)g(V,W) for every vertical vector fields V
and W . Hence, by Lemma 1.2(d), we get A∗XAXV = g(X,X)V for every vertical vector field V . If
g(X,X) = 0 anywhere then A∗X is surjective and hence dimV = dimH− dim kerA∗X . By Lemma 1.2(d),
we have AXX= 0. This implies dim kerA∗X  1.
Let b ∈ B and x ∈ TbB with g(x, x)= 1. We denote by X the horizontal lifting along the fibre π−1(b)
of the vector x. Let p an arbitrary point in π−1(b) and let {X(p), y1, . . . , yl} be an orthonormal basis of
the vector space kerA∗X(p). Since π∗p sends isometrically Hp into TbB we have {π∗X(p),π∗y1, . . . , π∗yl}
is a linearly independent system which can be completed to a basis of TbB with a system of vectors
{xl+1, . . . , xn−1}. Let X,X1,X2, . . . ,Xn−1 be the horizontal liftings along the fibre π−1(b) of x =
π∗X(p),π∗y1, . . . , π∗yl, xl+1, . . . , xn−1, respectively.
By Lemma 1.4, we have for every q ∈ π−1(b) and for every i ∈ {1, . . . , l}
3g
(
AX(q)Xi(q),AX(q)Xi(q)
)
=R′(π∗X(q),π∗Xi(q),π∗X(q),π∗Xi(q))−R(X(q),Xi(q),X(q),Xi(q))
=R′(x,π∗yi, x,π∗yi)+ g
(
X(q),X(q)
)
g
(
Xi(q),Xi(q)
)− g(X(q),Xi(q))2
=R′(x,π∗yi, x,π∗yi)+ g′
(
π∗X(q),π∗X(q)
)
g′
(
π∗Xi(q),π∗Xi(q)
)− g′(π∗X(q),π∗Xi(q))2
= 3g(AX(p)Xi(p),AX(p)Xi(p))
= 0.
Since the induced metrics on fibre π−1(b) are negative definite, we get AX(q)Xi(q)= 0.
By Lemma 1.2(a), we have AX(q)X(q) = 0. We proved that {X(q),X1(q), . . . ,Xl(q)} ⊂ kerA∗X(q).
Since π∗q sends isometrically Hq into TbB , we get {X(q),X1(q), . . . ,Xl(q)} is a basis of the vector
space kerA∗X(q) for every point q ∈ π−1(b).
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Let Vl+1 = A∗XXl+1, . . . , Vn−1 = A∗XXn−1 be tangent vector fields to the fibre π−1(b). We denote
by Qq the vector subspace of Hq spanned by {Xl+1(q),Xl+2(q), . . . ,Xn−1(q)}. Let g˜ be the Riemannian
metric on π−1(b) given by g˜(V ,W)=−g(V,W) for every V,W vector fields tangent to π−1(b). Since
dimVq = dimQq and g(AXV,AXV ) = g˜(V ,V ), we get AX(q) : (Vq, g˜)→ (Qq, g) is an isometry for
every q ∈ π−1(b).
So {Vl+1, . . . , Vn−1} is a global frame for the tangent bundle of π−1(b). It follows the tangent bundle
of the fibre π−1(b) is trivial. ✷
This ends the proof of Theorem 2.3. ✷
By the classification of the Riemannian symmetric spaces of rank one of noncompact type, we have B
is isometric to one of the following spaces:
(1) Hn(c) real hyperbolic space with constant sectional curvature c;
(2) CHk(c) complex hyperbolic space with holomorphic sectional curvature c;
(3) HHk(c) quaternionic hyperbolic space with quaternionic sectional curvature c;
(4) CaH 2(c) Cayley hyperbolic plane with Cayley sectional curvature c.
This will give us more information about the relation between the dimension of fibres and the geometry
of base space.
Proposition 2.5. Let π :Hn+ss →Bn be a semi-Riemannian submersion with totally geodesic fibres.
(a) If s = 3 then n= 4k and Bn is isometric to HHk.
(b) If s = 7 then we have one of the following situations:
(i) n= 8 and Bn is isometric to H 8(−4); or
(ii) n= 16 and Bn is isometric to CaH 2.
Proof. Let Y,Z be two linear independent horizontal vectors and let Y ′ = π∗Y , Z′ = π∗Z. By
Proposition 2.1, the metric induced on fibres are negative definite. This implies g(AZY,AZY ) 0. By
Lemma 1.4, we get
K ′(Z′, Y ′)= R
′(Z′, Y ′,Z′, Y ′)
g′(Z′,Z′)g′(Y ′, Y ′)− g′(Z′, Y ′)2 =−1+
3g(AZY,AZY )
g(Z,Z)g(Y,Y )− g(Z,Y )2 −1.
By Schwartz inequality applied to the positive definite scalar product induced on H, we have
−g(AZY,AZY )= g(AZAZY,Y )
√
g(AZAZY,AZAZY )
√
g(Y,Y ).
By Lemma 1.4, we get
−g(AZY,AZY )
√−g(AZY,AZY )g(Z,Z)√g(Y,Y ).
Thus −g(AZY,AZY ) g(Z,Z)g(Y,Y ). Therefore
K ′(Z′, Y ′)=−1+ 3g(AZY,AZY )
g(Z,Z)g(Y,Y )
−4
for every orthogonal vectors Z′ and Y ′.
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We proved that −4K ′ −1.
We shall prove that if the base space B has constant curvature c then c = −4. It is sufficient to see
that for any point b ∈ B there is a 2-plane α ∈ TbB such that K(α)=−4. We choose α = {π∗Z,π∗AZV }
where Z is a horizontal vector and V is a vertical vector. By Lemma 1.4, we have
(2.3)R′(π∗Z,π∗AZV,π∗Z,π∗AZV )=R(Z,AZV,Z,AZV )+ 3g
(
AZ(AZV ),AZ(AZV )
)
.
We notice that Z and AZV are orthogonal, because, by Lemma 1.2, we have
g(Z,AZV )=−g(AZZ,V )= 0.
By Lemma 1.4, we have
g(AXU,AXU)=−g(X,X)g(U,U)
for every horizontal vector X and for every vertical vector U . By Lemma 1.2(d), we get g(AXAXU,U)=
g(X,X)g(U,U). Hence, by polarization, we find AXAXU = g(X,X)U for every horizontal vector X
and for every vertical vector U . Therefore relation (2.3) becomes
R′(π∗Z,π∗AZV,π∗Z,π∗AZV )=−g(Z,Z)g(AZV,AZV )+ 3g(Z,Z)2g(V,V )
= 4g(Z,Z)2g(V,V )
=−4(g′(π∗Z,π∗Z)g′(π∗AZV,π∗AZV )− g′(π∗Z,π∗AZV )2).
Then K ′(π∗Z,π∗AZV )=−4. Therefore if the base space B has constant curvature c then c=−4.
Let X be a horizontal vector field. By Lemma 1.4, Y ∈ kerA∗X if and only if
R′(π∗X,π∗Y,π∗X,π∗Y )=−g′(π∗X,π∗X)g′(π∗Y,π∗Y )+ g′(π∗X,π∗Y )2.
For every X′ ∈ Tπ(p)B , we denote by
LX′ =
{
Y ′ ∈ Tπ(p)B |R′(X′, Y ′,X′, Y ′)=−g′(X′,X′)g′(Y ′, Y ′)+ g′(X′, Y ′)2
}
.
With this notation, π∗(kerA∗X(p)) = Lπ∗X(p). Since π∗ sends isometrically Hp into Tπ(p)B , we have
dimH− dimV = dim kerA∗X(p) = dimLπ∗X(p).
We compute dimLX′ from the geometry of B . We have the following possibilities for B:
Case 1. B =Hk(−4).
The curvature tensor of hyperbolic space Hk(−4) is given by
R′(X′, Y ′,X′, Y ′)=−4(g′(X′,X′)g′(Y ′, Y ′)− g′(X′, Y ′)2).
We have LX′ = {λX′ | λ ∈R}. Hence dimLX′ = 1. It follows dimH= dimV + 1.
If s = 3 then Bn is isometric to H 4(−4), which falls in the case (a), since H 4(−4) is isometric toHH 1.
If s = 7 then dimH= 8 and this is the case b(ii).
Case 2. B =CHk.
Let I0 be the natural complex structure on CHk. The curvature tensor of complex hyperbolic space
CHk with −4K ′ −1 is given by
R′(X′, Y ′,X′, Y ′)=−(g′(X′,X′)g′(Y ′, Y ′)− g′(X′, Y ′)2 + 3g′(I0X′, Y ′)2).
We get LX′ = {I0X′}⊥. So dimLX′ = 2k − 1 = dimH− 1. It follows dimV = 1.
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Case 3. B =HHk.
Let {I0, J0,K0} be local almost complex structures which rise to the quaternionic structure on HHk.
The curvature tensor of the quaternionic hyperbolic space HHk with −4K ′ −1 (see [9]) is given by
R′(X′, Y ′,X′, Y ′)=−g′(X′,X′)g′(Y ′, Y ′)+ g′(X′, Y ′)2
− 3g′(I0X′, Y ′)2 − 3g′(J0X′, Y ′)2 − 3g′(K0X′, Y ′)2.
It follows that Y ′ ∈ LX′ if and only if g′(I0X′, Y ′) = g′(J0X′, Y ′) = g′(K0X′, Y ′) = 0. Therefore
LX′ = {I0X′, J0X′,K0X′}⊥. Hence dimLX′ = 4k − 3= dimH− 3. We get dimV = 3.
Case 4. B =CaH 2.
Let {I0, J0,K0,M0,M0I0,M0J0,M0K0} be local almost complex structures which rise to the Cayley
structure on CaH 2 Cayley hyperbolic plane. The curvature tensor of the Cayley plane CaH 2 with
−4K ′ −1 (see [4]) is given by
R′(X′, Y ′,X′, Y ′)=−g′(X′,X′)g′(Y ′, Y ′)+ g′(X′, Y ′)2 − 3g′(I0X′, Y ′)2
− 3g′(J0X′, Y ′)2 − 3g′(K0X′, Y ′)2 − 3g′(M0I0X′, Y ′)2
− 3g′(M0J0X′, Y ′)2 − 3g′(M0K0X′, Y ′)2.
We get
LX′ = {I0X′, J0X′,K0X′,M0X′,M0I0X′,M0J0X′,M0K0X′}⊥.
So dimLX′ = dimH− 7. It follows dimV = 7. ✷
Summarizing all of the above, we obtain our main classification result.
Main Theorem 2.6. Let π :Hms → B be a semi-Riemannian submersion with totally geodesic fibres
from a pseudo-hyperbolic space onto a Riemannian manifold. Then the semi-Riemannian submersion π
is equivalent to one of the following canonical semi-Riemannian submersions, given by Examples (1)–(3)
(a) H 2k+11 →CHk,
(b) H 4k+33 →HHk,
(c) H 157 →H 8(−4).
Proof. The index of the pseudo-hyperbolic space cannot be s = 0. Indeed, by Lemma 1.4, for s = 0,
we get 0 g(AXV,AXV )=−g(X,X)g(V,V ) 0 for every horizontal vector X and for every vertical
vector V . But this is not possible.
By [12], any semi-Riemannian submersion with totally geodesic fibres, from a pseudo-hyperbolic
space of index 1 onto a Riemannian manifold is equivalent to the canonical semi-Riemannian submersion
H 2k+11 →CHk.
It remains to study the case s > 1. By Theorem 2.3 and Proposition 2.5, any semi-Riemannian
submersion with totally geodesic fibres from a pseudo-hyperbolic space of index s > 1 onto a Riemannian
manifold is one of the following types:
(1) H 4k+33 →HHk, or
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(2) H 157 →H 8(−4), or
(3) H 237 →CaH 2.
In order to prove that any two semi-Riemannian submersions in one of the categories (1) or (2) are
equivalent we shall modify Ranjan’s argument (see [15]) to our situation. In the category (3), we shall
prove there are no such semi-Riemannian submersions with totally geodesic fibres.
First, we shall prove the uniqueness in the case H 4k+33 → HHk. Let p ∈ H 4k+33 and let U :Vp →
End(Hp) the map given by U(v)(x) = Axv for every v ∈ Vp and for every x ∈ Hp . We denote U(v)
by Av . It is trivial to see that Av is skew-symmetric (i.e., g(Avx, y) = −g(x,Avy)). The O’Neill’s
equation g(Axv,Axv) = −g(x, x)g(v, v) becomes g(Avx,Avx) = −g(x, x)g(v, v). This implies
g(AvAvx, x) = g(x, x)g(v, v). Hence, by polarization in x, we have g(AvAvx, y) = g(x, y)g(v, v) for
every y ∈Hp. So AvAvx = g(v, v)x. Again by polarization we get AvAw +AwAv = 2g(v,w)Id. Let g˜
be the Riemannian metric given by g˜(v,w)=−g(v,w) for every v, w ∈ Vp . It follows AvAw+AwAv =
−2g˜(v,w)IdVp . This is the condition which allows us to extend U to a representation of the Clifford
algebra Cl(Vp, g˜p) of Vp. We also denote by U the extension of U . Since dimVp = 3 and g˜p is
positive definite, Cl(Vp, g˜p) has at most two types of irreducible representations. We notice that Hp
is a Cl(Vp, g˜p)-module which splits in simple modules of dimension 4. The next step is to show that
any two such simple modules in decomposition of Hp are equivalent. Let {v1, v2, v3} be an orthonormal
basis of (Vp, g˜p). Since the affiliation of a simple Cl(Vp, g˜p)-module to one of the two possible types is
decided by the action of v1v2v3, it is sufficient to check that Av1Av2Av3 = IdVp .
Consider the function x → g(Av1Av2Av3x, x) defined on the unit sphere in Hp . We have
g
(
Av1Av2Av3x, x
)=−g(Av2Av3x,Av1x)= g(AxAAxv3v2, v1).
A straightforward computation shows that AxAAxv3v2 is orthogonal to v2 and v3. Hence AxAAxv3v2 is a
multiple of v1.
By polarization of the relation AxAxv = g(x, x)v, we get AxAy + AyAx = 2g(x, y)Id for every
horizontal vectors x and y. In particular, we have
AxAAxv3v2 =−AAxv3Axv2 + 2g(x,Axv3)v2 =−AAxv3Axv2.
Let S be the vector subspace of Hp spanned by {x,Axv1,Axv2,Axv3}. By Lemma 1.4, we get
K ′(π∗x,π∗Axvi)=−4 for all i ∈ {1,2,3}. By geometry of HHn, there exists a unique totally geodesic
hyperbolic lineHH 1 passing through π(p) such that Tπ(p)HH 1 = π∗S. Notice that for every orthonormal
vectors y, z ∈ Tπ(p)HH 1, K ′(y, z) = −4. In particular we have K ′(π∗Axv2, π∗Axv3) = −4. Hence
g(AAxv3Axv2,AAxv3Axv2) = −1. It follows that AxAAxv3v2 = ±v1. Hence g(Av1Av2Av3x, x) = ±1 for
all unit vectors x. Since the function x → g(Av1Av2Av3x, x) defined on the unit sphere in Hp is
continuous, we get either
(i) g(Av1Av2Av3x, x)= 1 for any unit horizontal vector x, or
(ii) g(Av1Av2Av3x, x)=−1 for any unit horizontal vector x.
We may assume the case (i) holds.
If the case (ii) is happen, we replace the orthonormal basis {v1, v2, v3} of (Vp, g˜p) with the orthonormal
basis {v1, v2,−v3}. So for this new basis we are in the case (i).
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Since Av1Av2Av3 is an isometry, we have
g
(
Av1Av2Av3x,Av1Av2Av3x
)
g(x, x)= g(x, x)2 = 1= g(Av1Av2Av3x, x)2
for all unit horizontal vectors x.
So the Schwartz inequality for the scalar product g|Hp
g
(
Av1Av2Av3x, x
)2  g(Av1Av2Av3x,Av1Av2Av3x)g(x, x)
becomes equality. It follows that Av1Av2Av3x = λx for some λ. Because Av1Av2Av3 is an isometry and we
assumed the case (i), it follows λ= 1. We proved that Av1Av2Av3x = x for all unit horizontal vectors x.
Obviously, Av1Av2Av3x = x for all x ∈Hp .
Let π ′ :H 4k+33 → HHk be another semi-Riemannian submersion with totally geodesic fibres. For
an arbitrary chosen point q ∈ H 4k+33 , we consider horizontal and vertical subspaces H′q and V ′q . Let{v′1, v′2, v′3} be an orthonormal basis in V ′q such that v′1v′2v′3 acts on H′q as Id. Let L1 :V ′q → Vp be the
isometry given by L1(v′i ) = vi for all i ∈ {1,2,3} and let Cl(L1) : Cl(V ′q)→ Cl(Vp) be the extension
of L1 to the Clifford algebras. The composition U ◦ Cl(L1) : Cl(V ′q)→ End(Hp) makes Hp to be a
Cl(V ′q)-module of dimension 4k. LetHp =H1⊕· · ·⊕Hk andH′q =H′1⊕· · ·⊕H′k be the decomposition
of Hp and H′q in simple Cl(V ′q)-modules, respectively. For each i there is fi :H′i →Hi an equivalence
of Cl(V ′q)-modules, which after a rescaling by a constant number is an isometry which preserves the
O’Neill’s integrability tensors. Taking the direct sum of all these isometries, we obtain an isometry
L2 :H′q →Hp which preserves the O’Neill’s integrability tensors. Therefore L= L1 ⊕L2 :TqH 4k+33 →
TpH
4k+3
3 is an isometry which maps H′q onto Hp and A′ onto A. Since H 4k+33 is a simply connected
complete symmetric space, there is an isometry f :H 4k+33 → H 4k+33 such that f (q) = p and f∗q = L
(see Corollary 2.3.14 in [16]). Therefore, by Theorem 1.6, we get π and π ′ are equivalent.
Now, we shall prove that any two semi-Riemannian submersions π,π ′ :H 157 →H 8(−4) with totally
geodesic fibres are equivalent. The proof is analogous to the case (1), but it is easier.
Let p,q ∈ H 157 and let Hp , Vp be the horizontal and vertical subspaces in TpH 157 for π , let H′q ,
V ′q be the horizontal and vertical subspaces in TqH 157 for π ′. Let {v1, . . . , v7} be an orthonormal basis
of (Vp, g˜p) and {v′1, . . . , v′7} be an orthonormal basis of (V ′q, g˜q) such that Av1Av2 . . .Av7 = Id and
Av
′
1Av
′
2 . . .Av
′
7 = Id. Since dimVp = 7, the irreducible Cl(Vp, g˜p)-modules are 8-dimensional. Since
dimHp = 8, we get Hp is simple. Because Av1Av2 . . .Av7 = Id and Av′1Av′2 . . .Av′7 = Id we get H′q
and Hp are Cl(V ′q)-modules equivalent. Analogously to the case (1), we can construct an isometry
L = L1 ⊕ L2 :TqH 157 → TpH 157 , which map H′q onto Hp and A′ onto A. This produces an isometry
f :H 157 →H 157 such that f (q) = p and f∗q = L (see Corollary 2.3.14 in [16]). Again by Theorem 1.6,
we get π and π ′ are equivalent.
Now, we prove that there are no π :H 237 →CaH 2 semi-Riemannian submersions with totally geodesic
fibres. The proof is analogous to that of Ranjan (see Proposition 5.1 in [15]).
Hp becomes a Cl(Vp)-module by considering the extension of the map U :Vp → End(Hp),
U(V )(X) = AXV to the Clifford algebra Cl(Vp). Here Cl(Vp, g˜p) denotes the Clifford algebra of
(Vp, g˜p), g˜(U,V ) = −g(U,V ) for every U,V ∈ Vp . Since g˜p is positive definite, we have Cl(Vp) 
R(8)⊕ R(8). Hence, Hp splits into two 8-dimensional irreducible Cl(Vp)-modules. Since the induced
metrics on fibres are negative definite we get π−1(CaH 1) is totally geodesic in H 237 and isometric to H 157 ,
by Theorem 2.5 in [6]. Here CaH 1 denotes the Cayley hyperbolic line through π∗X; we choose S be
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the horizontal space of the restricted submersion π˜ :H 157 → CaH 1 = H 8(−4). So for every X ∈ Hp,
g(X,X) = 0 we find an irreducible Cl(Vp)-submodule S of Hp passing through X. Since dimVp  4,
we get a contradiction. ✷
Escobales [6] classified Riemannian submersions from complex projective spaces under the assump-
tion that the fibres are connected, complex, totally geodesic submanifolds. Using the Main Theorem 2.6,
we obtain a classification of semi-Riemannian submersions from a complex pseudo-hyperbolic space
onto a Riemannian manifold under the assumption that the fibres are connected, complex, totally geo-
desic submanifolds.
Proposition 2.7. If π :CHms → Bn is a semi-Riemannian submersion with complex, connected, totally
geodesic fibres then 2m = n+ 2s, the induced metrics on fibres are negative definite and the fibres are
diffeomorphic to CP s .
Proof. We denote by J the natural almost complex structure on CHms . By Lemma 1.4, we have
(a) R̂(U,V,U,V )=R(U,V,U,V )=−(g(U,U)g(V,V )− g(U,V )2 + 3g(U,JV )2).
Hence the fibres have constant holomorphic curvature −4.
(b) g(AXU,AXU)=−
(
g(U,U)g(X,X)+ 3g(X,JU)2)=−g(U,U)g(X,X),
since the fibres are complex submanifolds. We obtain g(U,U) 0 for every vertical vector field U .
(c) R′(π∗X,π∗Y,π∗X,π∗Y )=R(X,Y,X,Y )+ 3g(AXY,AXY )
=−(g(X,X)g(Y,Y )− g(X,Y )2 + 3g(X,JY )2)+ 3g(AXY,AXY ) 0,
since the induced metrics on fibres are negative definite. By Proposition 2.2, it follows that the fibres
are simply connected. Since the fibres are complete, simply connected, complex manifolds with constant
holomorphic curvature −4, we have that the fibres are isometric to CHss . ✷
Theorem 2.8. If π :CHms → B is a semi-Riemannian submersion with connected, complex, totally
geodesic fibres from a complex pseudo-hyperbolic space, then π is, up to equivalence, the canonical
semi-Riemannian submersion given by Example 4
CH 2k+11 →HHk.
Proof. Let θ :H 2m+12s+1 →CHms be the canonical semi-Riemannian submersion with totally geodesic fibres
given in the Definition 3 (see also [3] or [10]). We have π˜ = π ◦ θ :H 2m+12s+1 → B is a semi-Riemannian
submersion with totally geodesic fibres, by Theorem 2.5 in [6]. Since the dimension of fibres of π˜ is
greater than or equal to 2, we get, by Main Theorem 2.6, the following possible situations:
(i) m= 2k + 1, 2s + 1 = 3 and B is isometric to HHk or
(ii) m= 7, 2s + 1= 7 and B is isometric to H 8(−4).
First, we shall prove that any two semi-Riemannian submersions π,π ′ :CH 2k+11 →HHk with connected,
complex, totally geodesic fibres are equivalent.
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By proof of Proposition 2.7, we have g(AXU,AXU) = −g(U,U)g(X,X). Let p,q ∈ CH 2k+11 . By
proof of the main theorem, this implies AvAw + AwAv = −2g˜(v,w)Id. The extension of U :Vp →
End(Hp) constructed in proof of the main theorem, to the Clifford algebra Cl(Vp, g˜p) makes Hp
a Cl(Vp, g˜p)-module which splits in k irreducible modules of dimension 4. By classification of
irreducible representation for case dimVp = 2 and g˜p positive definite, we have any two such irreducible
Cl(Vp, g˜p)-modules are equivalent. Like in proof of the main theorem, we may construct an isometry
L = L1 ⊕ L2 :TqCH 2k+11 → TpCH 2k+11 , which maps H′q onto Hp and A′ onto A. This produces an
isometry f :CH 2k+11 → CH 2k+11 with f (q) = p and f∗q = L (see Corollary 2.3.14 in [16]). Again by
Theorem 1.6, we get π and π ′ are equivalent.
For the case (ii) we shall obtain that there are no π :CH 73 →H 8(−4) semi-Riemannian submersions
with complex, connected, totally geodesic fibres.
Proposition 2.9. There are no π :CH 73 → H 8(−4) semi-Riemannian submersions with connected,
complex, totally geodesic fibres.
Proof. The proof is based on Ranjan’s argument (see proof of main theorem in [15]). Here, we show
how to modify Ranjan’s argument to our different situation.
Suppose there is π :CH 73 →H 8(−4) a semi-Riemannian submersion with complex, connected, totally
geodesic fibres. By Main Theorem 2.6, π˜ = π ◦ θ :H 157 →H 8(−4) is equivalent to the canonical semi-
Riemannian submersion Spin(1,8)/Spin(7)→ Spin(1,8)/Spin(8) given by Example 3.
Let σ : Spin(1,8)→ SO(8,8) be the spin representation of Spin(1,8). Spin(1,8) acts on H 8(−4) via
double covering map Spin(1,8)→ SO(1,8) and transitively on H 157 ⊂ R168 . We denote by Cl0(R91) the
even component of Clifford algebra Cl(R91). Notice that Cl0(R91) ∼=M(16,R), Cl(R91) ∼=M(16,R) ⊕
M(16,R) and the volume element ω in Cl(R91) satisfies ω2 = 1 (see [11]).
For any b ∈ H 8(−4), let Gb be the isotropy group of b in Spin(1,8). If we restrict σ |Gb then σ |Gb
breaks R168 into two 12 -spin representations. We will denote them by R
8±. Hence R8+ ∩H 157 = π˜−1(b). Let
b⊥ = {x ∈ R91 | 〈x, b〉 = 0}. We have Cl(b⊥)∩ Spin(1,8)=Gb, dimb⊥ = 8 and the following diagram is
commutative
Gb Cl0(b⊥)
Spin(1,8) Cl0(R91),
where all arrows are standard inclusions. Let {e1, . . . , e8} be an orientated basis of b⊥. Then z′ = e1 . . . e8
lies in the centre of Cl0(b⊥) and z′ acts by Id on R8+ and −Id on R8−. We have Cl(σ )(z′)=±1 on R8±.
Since R8+ ∩H 157 = π˜−1(b), R8+ is invariant under J and so is R8−. Here J denotes the natural complex
structure on R16 =C8. Hence Cl(σ )(z′) commutes with J . Let z ∈ Cl(R91) be the generator of the center
of Cl(R91). We have either z = e1e2 . . . e8b or zb = −e1e2 . . . e8 = −z′. Therefore Cl(σ )(zb) commutes
with J for every b ∈H 8(−4) and hence for every b ∈R9.
Consider the linear map α :R9 →M(16,R) given by b → Cl(σ )(zb). It has the following properties:
(i) It factors through M(8,C)⊂M(16,R);
(ii) [Cl(σ )(zb)]2 =Cl(σ )((zb)2)=Cl(σ )(−|b|2)=−|b|2Id.
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Hence α extends to a homomorphism Cl(α) : Cl(R91)→M(8,C). But Cl(R91)∼=M(16,R)⊕M(16,R)
(see [11]). So the above homomorphism is impossible to exist. We get the required contradiction. ✷
This ends the proof of Theorem 2.8. ✷
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